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Chapter 1
Introduction

La Modélisation chronologique avec « ChronoModel »

e Faits:
ChronoModel est basé sur le concept de Fait (Event). Un Fait est un événement
« ponctuel » dans le temps pour lequel on peut définir un modéle statistique
de type bayésien hiérarchique. Il est estimé grace a des datations effectuées en

laboratoire ou issues de références (par exemple typo-chronologiques)

e Phases:
Une Phase est un groupe de Faits. FElle est définie sur la base de critéres
archéologiques, géologiques, environnementaux, etc., que 'on veut caler sur
I’échelle du temps. A la différence du Fait, la phase ne répond pas a un modéle
statistique : on ne sait pas définir comment les Faits peuvent étre répartis dans
une phase. En revanche, on peut interroger le début, la fin ou la durée d’une
phase & partir des Faits qui y sont observés (requéte). Un niveau d’information
supplémentaire peut étre ajouté: les Faits d’une phase peuvent étre contraints
par une durée plus ou moins connue, des hiatus peuvent étre imposés entre

phases, ce qui implique une notion d’ordre entre groupes de Faits.

e Relations d’ordre:
Les Faits et/ou les phases peuvent vérifier des relations d’ordre. Ces relations
d’ordre sont définies de différentes maniéres: par la relation stratigraphique
(relation physique observée sur le terrain), ou par des critéres d’évolution stylis-
tique, technique, architecturaux, etc., qui peuvent étre connus par ailleurs. Ces
contraintes d’ordre agissent entre les Faits. Une contrainte de succession entre
phases revient a placer, de facon équivalente, des contraintes d’ordre entre des

groupes de Faits.






Chapter 2

Bayesian modelling

2.1 Event model

2.1.1 Observations

The measurement may represent :

e a 4C age in radiocarbon

a paleodose measurement in luminescence
e an inclination, a declination or an intensity of the geomagnetic field in archeao-

"
0

magnetism B

il
e a typochronological reference (for instance, an interval of ceramic dates)

e a Gaussian measurement with kown variance

If needed, these measurements M; may be converted by ChronoModel into calendar

dates using appropriate calibration curves (See section 2.1.5.1).

2.1.2 Definition of an event

Let’s say that an event is determined by its unknown calendar date 6. Assuming that
this event can reliably be associated with one or several suitable samples, out of which
measurements can be made, the event model combines contemporary dates, t1, ..., %,,

with individual errors, o4, ..., 0,, in order to estimate the unknown calendar date 6.



The following equation shows the stochastic relationship between ¢; and 6.

tz‘ =40 + 0; EZ'CJM (21)

where ¢&M ~ N(0,1) for i = 1 to n and are independent and identically distributed
following a Gaussian distribution with a zero-mean and a variance equal to 1. 6 is the
unknown parameter of interest and oy, ...0, are the unknown variance parameters.

Such a model means that each parameter ¢; can be affected by errors o; that can come

from different sources (See Lanos & Philippe [1]).

ChronoModel is based on a bayesian hierarchical model. Such a model can easily
be represented by a directed acyclic graph (DAG) [2]. A DAG is formed by nodes and
edges. A node can either represent an observation (data) or a parameter, that can
be stochastic or deterministic. An edge is a directed arc that represents dependencies
between two nodes. The edge starts at the parent node and heads to the child node.
This relationship is often a stochastic one (single arc) but it may also be a deter-
minist one (double arc). The DAG can be read as follow, each node of the DAG is,
conditionally on all its parent nodes, independant of all other nodes (except its child
nodes?).

The following DAG is a representation of the event model. Conditionally on # and on

0;, that are the parameters of interest, ¢; is independent of all other parameters.

t=1ton

Figure 2.1: DAG representation of the event model. Directed edges represent stochastic relationships
between two variables, blue circles represent model unknown parameters. Rectangular plates are used
to show repeated condiotionally indenpendent parameters.

Now we need to define prior information about 6 and oy, ...0,, , this is done in
the next section. Then the wiggle matching case, specific to radiocarbon datation,
is explained. According to the likelihood, three main types of data information may

be implemented into ChronoModel: a single measurement with its laboratory error,



a combination of multiple measurements or an interval referring to a typographic

reference. These differents types are explained in section 2.1.5.

2.1.3 Prior information about ¢/ and o4, ...0,

Without any other constraint that the beginning, 7,,, and the end, 75, of the study
period (7,,, and 7, should be fixed), the unknown calendar date 6 is assumed to have

a uniform distribution on the study period.

p(O) = —— 14 (6) (2.2)

™ — Tm

The variances o7, for i = 1 to n, are assumed to have a shrinkage uniform distribution

(See [3]).

2
2 50
where
1 11
— = E — 2.4
2 n — 52 (2:4)

with 32 = the variance of the posterior distribution of ¢; obtained by the individual
calibration (See [1]).

2.1.4 Particular case of '“C measurements : the wiggle-matching

case

This case is specific to radiocarbon datation. Let’s say that we have m radiocarbon
datations referring to the unknown calendar date 6 shifled by a quantity called §;.

Then, the stochastic relationship between ¢; and 6 is given by the following equation:

CM

where €7 ~ N(0,1) for i=1 to n and are independent and identically distributed.
0; may either be a deterministic or a stochastic parameter. Then t; + 9; follows a
normal distribution with mean 6 and variance o?.

If §; is stochastic, then its prior distribution function is a uniform distribution on
(i, da).
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t1=1ton

Figure 2.2: DAG representation of the event model. Directed edges represent stochastic relationships
between two variables, blue circles represent model unknown parameters. Rectangular plates are used
to show repeated condiotionally indenpendent parameters.

In that case, the associated DAG is presented in Figure 2.2.

2.1.5 Likelihood

As said before, different types of measurement may be included in ChronoModel in
order to estimate unknown calendar dates ;. These different types are the following
ones : a *C age in radiocarbon, a paleodose measurement in luminescence, an incli-
nation, a declination or an intensity of the geomagnetic field in archeaomanetism, a
typochronological reference or a Gaussian measurement . Except for the typochrono-
logical reference, all other measurement may be associated with a calibration curve.

Hence, for the typochronological reference, only the last section may be applied.

2.1.5.1 Calibration curves
2.1.5.2 Calibration from one measurement

If the information about t; come from only one measurement that needs to be cali-
brated, then the following DAG applies.

M; is the observation data, the measurement made by the laboratory, and s? is its
variance error. In ChronoModel, M; is assumed to follow a normal distribution with

mean /i;, a latent variable, and with variance s?, the laboratory error.
M; = pi; + s el ™ (2.7)

where L% ~ N(0,1).
1; may represent the true radiocarbon date or the true archeomagnetism date.

We assume that y; follows a normal distribution with mean g¢;(¢;) and variance O'Zi(ti),



s2

Figure 2.3: DAG representation of an individual calibration. Directed edges represent stochastic
relationships between two variables, blue circles represent model parameters, pink rectangulars nodes
represent stochastic observed data, pink triangles represent observed and determinist data.

where g; is the function of calibration associated with the type of measurement of M.
i = gi(ti) + g, el (2.8)

Hence,
Mi = gl(tz) + 8; 61-Lab + Ugi(ti) EZ_Cal = gl(tl) + Sz EiLabCal (29)

where €/**““! ~ N(0,1) and S = s7 + 07, .
So, conditionally on t;, M; follows a normal distribution with mean g;(¢;) and variance
52,

2.1.5.3 Particular case of *C' measurements : Calibration from multiple

measurements

Let’s say, we have K measurements M, from a unique sample. For example, a sam-
ple may be sent to several laboratories that give radiocarbon datations. All these
measurements refer to the same true radiocarbon date p. In that case, the bayesian

model first gathers all information about p before calibrating. Hence, Vk =1, ..., K,

My, = p; + s2ec™ (2.10)
Lab ‘e N -2 K Mk —9 1
where €% ~ N(0,1) . Let’s M =35, 2 and 5° = ———. Now, as all M,
K
¥ Zk:l 2
k
refer to the same 1, we have
K
M=p;+3) e (2.11)
k=1

i = gz(tz) + GCal (212)



where €4 ~ N (0, oﬁ(t)). g; is the function of calibration.

Hence,

K

M — g(t) +§226£ab + 62‘Cal — gz(tz) + eLabCalMult (213)
k=1

where elabCalMult  N(0,5?) and S? = 5° + 02 (t;). So, conditionally on t;, the

calibrated measurement has a normal distribution with mean g;(¢;) and variance S?2.

Figure 2.4 represents the corresponding DAG.

t;

2
Sk —
My,

k=1to K

Figure 2.4: DAG representation of a calibration from multiple measurements. Arrows represent
stochastic relationships between two variables, blue circles represent model parameters, pink rectan-
gulars represent stochastic observed data, pink triangles represent determinist observed data.

2.1.5.4 Particularity of archeomagnetism measurements ("combine")
2.1.5.5 Typo-chronological information

Let’s say that a typo-chronological information is a period defined by two calendar
dates t;,, and t; 5y, with the constraint ¢;,, < t; u.

The distribution of (¢;,,,t; a) conditional on ¢; is given by the following equation
p(tmv tM‘ti) = /\26_>\(tM_tm)1tm<ti<tM (214)

where A is a positive constant. Figure 2.5 represents the corresponding DAG.

2.1.6 Stratigraphic constraints

Several events may be in stratigraphic constraints. Let’s say that three events are

assumed to happen successively in time, then their true calendar date is assumed to



Figure 2.5: DAG representation of a typo-chronological information. Arrows represent stochas-
tic relationships between two variables, blue circles represent model parameters, pink rectangulars
represent stochastic observed data.

verify the following relationship:
01 < 92 < 93

Bounds may also be introduced in order to constrain an or several events. Let’s say
that the three events are assumed to happen after a special event with true calendar
date 8B, Then the following relationship holds.

(93<91<02<63

2.2 Event model including phases

2.2.1 Definition of a phase
2.2.2 Duration of a phase

2.2.3 Hiatus between two phases






Chapter 3

Creating a model with ChronoModel

3.1 Installation

On the website (www.chronomodel.fr) choose to download the software adapted to

your computer.

e For MAC. Click on the "MAC Download" button. Then double-click on the
package to install the software. Following the wizzard window, the software will
be placed in the Applications directory. The logo should now be seen in that

directory and in Applications.

e For Windows. Click on the "Windows Download" button. Then double-click
on the .EXE to install the software.

If the installation is correctly done, you should have the following interface when
launching ChronoModel (See Figure 3.1).

Figure 3.1: ChronoModel interface

11


http://www.chronomodel.fr/

3.2 Modelling

3.2.1 Creating a new project

In order to create a new project, click on the " on the very top of the window, and
th first button on the left. This action will open a new window asking you to name

this new project and to save it in a chosen directory.

0.0 Save project as...
Save As: My project 1 =
Tags:
4> ||| = Im || == v || [E]Bureau 1 (Q
FAVORITES
[T Dropbox

rt\g Applications

|ﬂj Documents

) Téléchargements
DEVICES

() Disque distant
SHARED

TAGS

™ Hide extension New Folder Cancel | [ Save |

Now ChronoModel interface looks like Figure 3.2, the left handside part represents
the events’ scene, and the right handside part gives different types of information that

will be further detailed in the following.

The first thing to do is to define the study period. The study period is the period

under which you assume that the unknown calendar date 6 of the event is likely to be.
STUDY PERIOD ™Azl

Start : [} End : [i]

These pieces of information may be modified by filling the following boxes
on the right handside part of the window. The "Apply" button will stay red as long
as the study period is undefined. For this example, let’s use a study period from 0 to
2 000.

+
Then, to create a new event, select "E&"‘ on the left handside of the events’ scene.
A window will be opened asking you how to call that new event and which color you
want to give to it. For this example, let’s call it "My event 1".

You may wich to change the color of the event. Click on the color chosen by default

and select a new color in the "Colors" window.



A Chronomodel 0.0.9 - My project 1.chr

To start your new project, you first have
to define a study period and click the

| s/ "Apply” button. | o)

STUDY PERIOD "G5

= ©

Manual  Website

Method : | AR : proposal = Double-Exponential

Open an existing project

Figure 3.2: ChronoModel interface when starting a new project

A Chronomodel 0.0.9 - My project 1.chr

New Event h

Log

Define a Name : |M-.« event 1| |
model b

ng your
Color : I

| Cancel | [ 0K ]

800 Colors

@ EEiE =
o I
Palette: | Apple s

A Chronomodel 0.0.9 - My project 1.chr

New Event b

Log

Search

Define a Namea : |M-.« event 1 |
maodel b

ng your

Color : [N

Cancel | (06

| cancel | [ oKk |

After validation, the event appears in the events’s scene.



You can delete this event by first selecting the event to be deleted and then by

A Chronom:

odel 0.09 - My project Lchr
Model | wove  un ™
na by clcking on .

;;;;;;;;;;;;

Open an existing project

X
clicking on the button on the left hand side of the events’ scene. Any element

O
deleted may be restored by clicking on the button on the left handside of the

events’ scene. Then you will need to pick the element to be restored in the window.

PNG
+
You may also export the image of the events’ scene by clicking on the IS8 button

and save it in either PNG format or Scalable Vector Graphics (SVG) format.

©
You can watch the events scene from an overview. To do that use the button



3.2.2 Including measurements

An event may to be associated with data information such as measurements or typo-
chronological references. There are two ways to insert such data, either by by clicking
on a measurement icone and filling it directly or importing a CSV file and dragging
information lines to the event node.

On the right handside of the window, three tabs may be selected.

The tab gives information about the event, its name, its color and the

MCMC method used (See Section "Numerical methods" for more details). Now, you
can select a measurement type and include information measurement by measurement.
Remenber this interface is available only if you have selected or created an Event
before.

You may access to the extension input windows by clicking on one of the right handside

buttons.

1. Clicking on will open the radiocarbon extension window (See Figure
3.3). Within this window, you can insert the reference name of the measurement,
you can insert the age value given by the laboratory ("Age") and its associated
error ("Error"), and you can choose a reference curve from the drop-down menu.
If the reference curve you need is not included in that list, you may add it in
the folder /Applications/Chronomodel.app/Contents/Resources/Calib/14C for

MAC users.

Now, you may need to include a wiggle matching or you may want to change
the MCMC method for that dating. To do that, click on the "Advanced" menu



intcall3.l4c v

Figure 3.3: Insert a radiocarbon measurement

at the bottom of the same window (See Figure 3.4). The wiggle matching may

be fixed or included in a range or Gaussian.

My radiocarbon date 1

r
=
I:_'—
o
|
| T
3
o
=
|
F
L3 1

intcall3.14c

3

MH : proposal = distribution of calibrated date

-

Wiggle Sign : "+" if data = event, "-" if data = event

e
o)

Figure 3.4: Insert a radiocarbon measurement with advanced options

Once the datation is validated, its details appear in the Properties tab and might
be changed by clicking on "Modify" (See Figure 3.4). The "Calibrate" button
shows the calibration process (See Figure 3.5). To kill that window, you need
to use the black cross on the right handside corner of the window.

Now, the datation is specified in the events scene and the distribution of the

calibrated date may be seen in the event as can be seen in Figure 3.5.



You have selected an element. You can now: STUDY PERIOD Apply (Calib. Resal. a
- Edit its properties from the right panel.

- Create a constraint by holding the "Option" key down and clicking on Start : _ [T 2000 Properties
another element. perties

- Merge it with another element by holding the "Shift" key down and o
dragging the selected element onto another one. Name : [My event 1

Method : [ AR : proposal = Double-Exponential

My radiocarbon date 1
Type : 14C | Method : MH : proposal = distribution of calibrated date
Age : 1200 =+ 50, Ref. curve : intcall3.14c
Wiggle : O
Modify | Calibrate

My event 1

My radiocarbon date 1

No Phase

Figure 3.5: Measurement and properties



My radiocarbon date 1 (14C) @

Scale : (;)—
Calibration process :
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Distribution of calibrated date :
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I . '

a 1000

Mode : 793 Mean: 822 Std deviation : 69
Ql:777.84 Q2 (Median) : 823.58 Q3 :869|14 | HPD (%) |95

Figure 3.6: Calibration process of a radiocarbon datation




2. Clicking on the - button will open the AM extension window (See
Figure 3.7). Within this window, you can insert the reference name of the
measurement, you can choose the magnetic parameter and can insert the value

and the associated error (alpha 95).

-

M Create / Modify Data - Chronomodel | @ X |

Figure 3.7: Insert AM measurement

e Inclination: enter the Inclination value ,the alpha 95 value and choose the
calibration curve. With this parameter, the extension is calculating the

error with the formula
(6719

% = 5148

e Declination: enter both Declination and Inclination values, and alpha 95,

and choose the reference curve to calibrate. The associated error on the

declination is calculated with alpha 95 and the inclination with the formula

Q95
cos(Inclination) x 2.448

S; =

e Intensity: When you choose intensity, the label of alpha 95 box change
0
1

to Error . Then insert the Intensity value and its
Error. And finally you choose the corresponding reference curve. In this
case directly

s; = error



Usually the directional calibration curves are in degrees so Inclination, Declina-

tion and alpha 95 must be in degrees two.

By clicking the Advanced arrow you find a roll box offering the type of MCMC
sampler (See section 4.1.2 for more details). The default type of sampler is MH:

Proposal= distribution of calibrated date.

-

M Create / Modify Data - Chronomodel

MH : proposal = prior distribution
MH : proposal = distribution of calibrated date
MH : proposal = adapt. Gaussian random walk

Figure 3.8: Insert AM measurement

In this extension, the likelihood is computing according to the general formula

(gt = My
e 2V
L(M,t) =
2rV
and
V=0,(t)* + 57
. Clicking on will open the TL/OSL extension window (See Figure 3.9).

You need to give a name, an Age and its error as well as a reference year. Now,
if you wixh to change the default MCMC method used, you can unfold the

Advanced section of the window and use the drop-down menu.



MH : proposal = prior distribution
MH : proposal = distribution of calibrated date

4. Clicking on will open the Typo-reference extension window (See Fig-
ure 3.10). You have to enter the Name of this reference, and the Lower date
and the Upper date corresponding to this. The Lower date and the Upper date

must to be different. Here, the likelihood is computing according to this rule

(A Create / Modify Data - Chronomodel ‘ ? x |

<New Date>

Figure 3.10: Insert a Typo-reference

L(t) = 1[Lower ; Upper]

5. Clicking on will open the Gauss extension window (See Figure 3.11).
You need to give a name, a Measurement and its error. You can change the
calibration curve. Now, if you wich to change the default MCMC method used,
you can unfold the Advanced section of the window and use the drop-down

menu.

<New Datex>

MH : proposal = prior distribution
MH : proposal = distribution of calibrated date
+ MH : proposal = adapt. Gaussian random walk

Figure 3.11: Insert a Gaussian measurement and its variance with advanced options



csv
+

You may also import datations from a CSV file using the I tab and then
clicking on "Load CSV file ...". However, the CSV file has to be organised according
to the type of datation included as shown in the following figures.

ame | Age | Elrcr‘ Reference curve | Wiggle Type (fixed | range | gaussian) | Wiggle value 1 (fixed | Lower date | Average)

| Wiggle value 2 (Upper date | Error) | comment
e N O R
14C  SacAl8758 3128 intcal09.14c gaussian 3000 100

14C  SacAl5967 3123 | 39 intcal09.14c fixed 52

14C  SacAl8759 | 3089 26 intcal09.14C
14C  SacA15968 3047 |36 intcal09.14C

14C  SacA18760 | 3042 29  intcal09.14C

Figure 3.12: Organisation of the CSV file containing radiocarbon measurements

Name | type (inclination | declination | intensity) | Inclination value | Declination value | Intensity value | Error (or alpha 95) | Reference curve (file name) | comment

= C T O O O ST S
AM | Inc inclination

GAL20025ph2014_l.ref

Figure 3.13: Organisation of the CSV file containing archeomagnetism measurements

Reference year | ‘comment

TL/osL  TL-CLER-2... 1170 1990
TLost  TL-CLER-2... 987 120 1990

Figure 3.14: Organisation of the CSV file containing luminescence measurements

Name ‘ Lower date ‘ Upper date ‘ cemment

‘TYPO REF. ‘ My date from a Typo ref 250 456

Figure 3.15: Organisation of the CSV file containing typochronological references

- | ae | ome |2 | s | e commers

|GAUSS ‘ My date from a Gaussian measurement 800 50 4] 1 o

Figure 3.16: Organisation of the CSV file containing Gaussian measurements

For Gaussian measurements, a, b, ¢ refer to the calibration curve. Indeed, the

equation of the calibration curve is the following one :

gt) =axt* +bxt+c

Then, you may drag a selected line to the corresponding event.

With the CSV file, you can have several types of decimal separator and value separa-
tor. This is defined in you system, and often software permit to set this format before

export your worksheet. In ChronoModel you have to set this format. You find it in



the menu Project Setting.

2 Settings - Chronomodel 'y 3

Application Settings

Auto save project :

Auto save interval (in minutes) : 5
CsV cell separator :
CSV decimal szparator @ .

Open last project at launch : >

3.2.3 Opening a project

d
You may also open a ChronoModel project already existing. Click on the oen on the
very top of the window, the second button on the left handside of the window. Then

choose your project.

3.3 Stratigraphic constraints and Bounds

3.4 Including phases






Chapter 4
Numerical methods

In general, the posterior distribution does not have an analytical form. Elaborated
algotithms are then required to approximate this posterior distribution.

Markov chain Monte Carlo (MCMC) is a general method based on drawing values of 6
from approximate distributions and then corrected those draws to better approximate
the target posterior distribution p(f]y). The sampling is done sequentially, with the
distribution of the sampled draws depending on the past value drawn. Indeed, a
Markov chain is a sequence of random variables 6(1), 6(2), ..., for which, for any t,

the distribution of #(¢) given all previous §’s depend only on the recent value, §(~1

[5, 6].

4.1 Choice of the MCMC algorithm

A convenient algorithm useful in many multidimensional problems is the Gibbs sam-
pler (or conditional sampling) [5, 6].

Let’s say we want to approximate p(6;, s, ..., 04|y). The algorithm starts with a sample
of initial values (950), 950), - 0;0)) randomly selected . The first step of the algorithm
is to update the first value by sampling a candidate value of 051) knowing 6&0), ey 0((10)
from the full conditional distribution p(9§0)|9£0), o 9&0)). The next step is to find a
candidate value Hél) knowing 9§1),9§0), ...,0;0) using the full conditional distribution
p(9§0)|9§1), 050), - 0((10)).. And so on... Then the d* step is to find a candidate value

for 06(11) knowing 951), 9§1>, - 9;1_)1. This process is then iteratively repeated.

Starting values : In ChronoModel, the initial values of each Markov chain are

randomly selected. More details ar egiven in the appendix.

In ChronoModel, two main algorithms are implemented, the rejection sampling
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method and the Metropolis Hastings algorithm. Both algorithms required a
proposal density function, that should be easily sampled from, in order to gener-
ate new candidate values. For the rejection sampling algorithm it is common to
use, if possible, the prior function or the likelihood as a proposal function. For the
Metropolis-Hastings algorithm, a common choice is to use a symmetric density, such
as the Gaussian density.

Depending on the type of the parameter, the event, the mean of a calibrated measure,
the variance of a calibrated measure or a bound, different methods are proposed in
order to generate new candidate values at each step of the Gibbs sampler. These

methods are described here in turn.

4.1.1 Drawings from the conditional posterior distribution of
the event 0

Three different methods can be chosen.
¢ Rejection sampling with a Gaussian proposal |7|
e Rejection sampling with a Double exponential proposal |7]

e Metropolis-Hastings algorithm with an adaptative Gaussian random
walk 3]

The first two methods are exact methods. We recommend to use one of these two
except when the event is involved in statigraphic constraints. In that case the last

method should rater be used.

4.1.2 Drawings from the full conditional posterior distribution
of the calibrated date ¢;

In this case, three different methods can be chosen.

e Metropolis-Hastings algorithm using the posterior distribution of cal-
ibrated dates (P(M;|t;))
This method is adapted for calibrated measures, namely radiocarbon measure-
ments or archeomagnetism measurements but not for typo chronological refer-

ences, and when densities are multimodal.

e Metropolis-Hastings algorithm using the parameter prior distribution
(P(tilo?, 0))



This method is recommended when no calibration is needed, namely for TL/OSL,

gaussian measurements or typo-chronological references.

e Metropolis-Hastings algorithm using an adaptative Gaussian random
walk
This method is recommended when no calibration is needed or when there are
statigraphic constraints. This method is adapted when the density to be ap-

proximated is unimodal.

4.1.3 Drawings from the conditional posterior distribution of
2

the variance of a calibrated measure o;
In this case, only one method is implemented in ChronoModel, the uniform skrink-
age as explained in Daniels [3]. The full conditional density is unimodal, hence the
Metropolis Hastings algorithm can be implemented here. The proposal density in-
volved is an adaptative Gaussian random walk [8]. The variance of this proposal
density is adapted during the process.

As a variance parameter can only be positive, this step is done on the logarithm of

the variance of the calibrated measure.

4.2 MCMC settings

The algorithms described above generate a Markov chain for each parameter, that is
a sample of values out of the posterior full conditional distribution. Now, wait for all
the Markov chains to reach equilibrium. Let’s say this occurs at some time T. The

time before T is usually called the burn-in period.

4.2.1 Burn

This period is used to "forget" the initial values randomly selected for each parameter.

In other words, it is the time needed for the chains to reach their equilibrium.

4.2.2 Adapt

This is a period needed for the calibration of the variances for the random walks. The
stopping rule is based on the acceptance rate. It should be between 40% and 46%.
To reach this rate, several batches need to be used. Variances are then estimated on
each batch.



4.2.3 Acquire

In this period, all Markov chains are supposed to have reach their equilibrium dis-
tribution. Of course, this has to be checked and the next section provides useful
tools that can help controlling if equilibrium is actually reached. If the equilibrium is
reached, Markov chains can be sampled and information about conditional posterior
distribution can be extracted.

Sampling from these Markov chains need to be carefully made. Indeed, successive
value of a Markov chain are not independent. In order to limit the correlation of the

sample, we can choose to thin the sample by only keeping equally spaced values.



Chapter 5
Results and Interpretations

>

After having gone through the running process =, the results tab appears resits. Now,

before any interpretations, the Markov chains have to be checked.

5.1 Checking the Markov chains

When Markov chains are generated, two points have to be verified : the conver-
gence of the chains and the absence of correlation between successive values. If the
Markov chain has not reach its equilibrium, values exctracted from the chains will
give inapropriate estimates of the posterior distribution. If high correlation remains
between successive values of the chain, then variance of the posterior distribution will
be biased. Here are some tools to detect whether a chain has reach its equilibrium
and whether successive values are correlated. We also give indications about what

can be done in these unformtunate situations.

By default, results correspond to the dates density functions. To see results regard-

ing individual variances (o), click on the "Individual variances" under the "Results

Zoom X

Zoom Y
—_—

Rendering : | Standard (fas 4 |

Update display

option" section "
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5.1.1 Is the equilibrium reached ? Look at the history plots
(History plot tab)

Unfortunatly, there is no theoretical way to determine how long will be the burn-in
period of a Markov chain. The first thing to do is to observe the trace (History plots)
of the chain and inspect it for signs of convergence. Traces should have good mixing
properties, they should not show tendancies or constant stages. Figure 5.1 displays

an example of good mixing properties. History plots of dates and variances should be
checked.

:::::

zzzzz

zzzzz

b b

Figure 5.1: Examples of history plots with good mixing propoerties

Producing parallel Markov chains, all with different starting values, can help deciding
if (and when) a chain has reach its equilibrium. In that case, the posterior ditribution
of each chain might be overlayed. If the equilibrium is reached, then the posterior

distrubtions should be similar.

What should be done when equilibrium is not reached 7 First, MCMC
settings should be changed by asking for a longer burn-in period or a longer adapt
period. Then, if the equilibrium is still not reached, changing the algorithm used to

draw from full conditional posterior distributions might be of help.



5.1.2 Correlation between successive values ? Look at the au-

tocorrelation functions (Autocorrelation tab)

A Markov chain is a sequence of random variables ), ) .. for which, for any ¢,
the distribution of ) given all previous #’s depend only on the recent value, 8¢~
[5, 6]. Hence, a high correlation between two consecutive values is expected, but
not between all values. To check whether the chain is highly correlated, observe the
autocorrelation plot. Only the first correlations should be high, the remaining corre-
lations should be negligible. Autocorrelations should have an exponential decrease.

Autocorrelations of dates and of variances should be checked.

What should be done if correlation is high ? A good thing to do is to in-
crease the Thinning interval and the sample the chain by keeping values with higher

intervals between them.

5.1.3 Look at the acceptation rates (Acceptation rates tab)

The Metropolos Hastings algorithm generates a candidate value from a proposal den-
sity. This candidate value is accepted with a probability. An interesting point is the
acceptation rate of this proposal density. The theoretical optimal rate is 43% [3].

In ChronoModel, this algorithm is at least used for each individual variance and for
calibrated dates but may also be used for events.

Figure 5.3 displays an example of acceptation rates that are close to 43%. Acceptation

rates of dates and of variances should be checked.

What should be done if the acceptation rates are not close to 43% 7



Event : bouguetl

/

Figure 5.2: Examples of autocorrelation functions that fall quickly under the 95% confidence interval
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Figure 5.3: Examples of acceptation rates close to 43%



5.2 Interpretation

If all Markov chains have reached their equilibrium and are not autocorrelated, then

the statistical results have a real meaning.

5.2.1 Calibrated curves

5.2.2 Posterior density

Posterior densities are in fact marginal densities. These densities should be interpreted
parameter by parameter.

5.2.2.1 Event and calendar dates

Marginal densities
If the densities of calibrated dates associated with the same event seem to gather
about the same period of time, then the modellisation is correct.

5.2.2.2 Individual variance

Variances density functions should be small. If not, the information given by the
measurement associated with this wide variance density function has a low impact on

the posterior distribution of the event. It is the case of outliers.

5.2.3 Statistical results

e Mean : it is the mean of the posterior density function.
e Maximum a posteriori (MAP) : It is the highest mode of the posterior density

e Credible intervals (CI) or Bayesian confidence interval: it is the smallest credible

interval.

e Highest probability density interval (HPD) :



Chapter 6

Examples
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6.1 Scenario

In this example, we present a fictitious archaeological excavation with stratigraphy

on several structures. We have only one 14C specimen on each.

Eglise
t
Chapelle

T

Sepulture 1 Sepulture 2 Sepulture 3

Horizon non documenté

T

Tepidarium

Horizon non documenté

Enclos protohistorique

Figure 6.1: Field model

The following table gives the corresponding measurements vs structures.

Structure | Ref. 14C | Value and error
Enclos Prl 2540 4+ 50
Villae GRS 1850 + 30
Atelier GRA4 1735 £ 30
Forum GR3 1764 + 30

Tepidarium GR2 1760 £ 30

Caldarium GR1 1734 £ 30

Sepulture 1 M3 1350 £ 35

Sepulture 2 M4 1390 £ 30

Sepulture 3 M5 1370 £ 50

Chapelle M2 1180 + 30
Eglise M1 950 £+ 35




6.1.1 Only one sequence

First chronological model is putting each measurement in an Event for each structure

and drawing constraints between these Events, as showing in the figure 6.2

Grid

Enclos protohistorique

Figure 6.2: Sequential model

After computing by clicking on the run button, the screen toggle to the result

window.



Posterior distrib. | History plots | Acceptation rate | Autocorrelation

oo -1000 0 1000

Event : Seputture 1
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Copy Copy

Event : Seputure 3
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o
Event : Atelier 0.0066 *
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B Copy
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Event : Tepidarum [EXEYR

o
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Event : Forum 0.00714
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A 01

[ o

o S >~

Figure 6.3: Result window for the sequential model

6.1.2 Several sequences and phases

The other equivalent way to build the chronology is to introduce phases. In our
example, we can see 4 sequences nested in 4 phases. Each phase corresponds to a
group structures (model figure 6.4)

After computing, the screen toggles to the result window. So, we can see the same

result as the sequential model. But now, we can get a result window with all phases.



STUDY PERIOINERH e )

End :

H v @
o Edse

Sepulture 1
Chapelle
Sepulture 2
Sepulture 3

Sepuiture 1

Caldarium

I
. Thermes .

Caldarium
Tepidarium
Forum

Prs
tohigtorique

Figure 6.4: Event and phase model



Posterior distrib. | History plots | Acceptation rate Autooorrelaljonl

1
o R A R T
Phase : MED 4 J\
Event : Eglise 4 ——
Event : Chapelle 4 —
Event : Sepulture 2 4 LL
Event : Seputture 1 + K
Event : Sepulture 3 4 —
Phase : Thermes 4 /X\ L
Event : Caldarium 4 —
Event : Tepidarium 4 L -
Event : Forum 4 J
Phase : Vilae $
Event : Atelier 4 K
Event : Vilae 4 K

Phase : Proto 4 A
Event : Endos prots + ﬁ

Figure 6.5: Events and phases results




6.1.3 Several sequences and phases

Now, keeping the same sequences, we add new phases corresponding to given typo-

chronological criteria.

STUDY PERIO 5N

EEE 2000 End : [ELI0Y

Sepulture 2
Sepulture 3

Caldarium
Tepidarium
Forum
Atelier
Vilae

B vecopoe @
Sepulture 1
Sepulture 2
Seputture 3

W themes @
Caldarium
Tepdarum

Forum

H o @

Endos protohistoire

Figure 6.6: Events, squences and phases model
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Figure 6.7: Events results
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Figure 6.8: Phases results




6.2 Radiocarbon datation in Sennefer’s tomb (Egypt)

We used data published in the article of Anita Quiles [9]. Several bouquets of flowers
were found in Sennefer’s tomb at Deir el-Medineh. As they were found at the entrance
of the tomb, they were assumed to date the same archeological event: the burial of

Sennefer. The objective is to date this burial event using ChronoModel.

Samples were extracted from different short-lived plants (leaves, twigs, etc) on each
bouquet in order to ensure the consistency of the dates. All samples were radiocarbon
dated.

6.2.1 Bouquet 1

Let’s say we want to estimate the calendar date of bouquet 1. 6 samples were extracted
from Bouquet 1 and radiocarbon dated (Bouquet1l.CSV may be dowloaded from the
website). The modelisation of this bouquet by ChronoModel is represented by Figure
6.9.

Each radiocarbon measurement is calibrated using IntCal09 curve. No reservoir offset
is taken into account. The study period is chosen to start at -3000 and end at 0 using
a step of 1 year.

The method used to draw values from the conditional posterior distribution of the
event Bouquet 1 is the default one, the rejection sampling using a double exponential
proposal. The method used to draw values from the conditional posterior distribution
of the datations is also the default one: Metropolis-Hastings algorithm using the
posterior distribution of calibrated dates.

We start with 1 000 iterations in the Burn-in period, 1 000 iterations in each of the 100
maximum batches in the Adapt period and 100 000 iterations in the Acquire period

using thinning intervals of 1. Only one chain is produced.

Figure 6.10 represents the marginal posterior densities of each date parameter (the
event and the calendar dates of the calibrated measurements). In this example, 95%
intervals (CI and HPD) are represented. We can see that all calendar dates seem to
be contemporary dates. Numerical values, displayed in Figure 6.12, show that the
MAP and the mean values were quite close, as well as HPD et CI intervals. The event
is dated with at -1370 (mean value) associated with its 95% HPD interval [-1417;
-1314]. Figure 6.11 shows the history plots (or the trace of the Markov chains) of
each date parameter. During the acquisition period, all chains seem to have good

mixing properties. We may assum that all chains have reach their equilibrium be-
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Figure 6.9: Modelisation of Bouquet 1 with ChronoModel

fore the acquisition period. Figure 6.13 presents the acceptation rates of each date
parameter. All rates are close to the optimal rate of 43%. Figure 6.14 displays the
autocorrelation function of each date parameter. We can see that all autocorrelation
functions decrease exponentially and fall under the 95% confidence interval after a
lag of 30 for calibrated dates and after a lag of 50 for the event. This autocorrelation
between successive values may be reduced by increasing the thinning interval at 10
for example. In order to keep 100 000 observations in the acquire period, we ask for
1 000 000 but only 1 out of 10 values were kept for the analysis. The autocorrelation
functions obtained decrease exponentially and fall under the 95% confidence interval
after a lag of 6 for each parameter. However, with this new MCMC settings, all other

results are similar to those already given.

Now, let’s look at the individual variances results. The marginal posterior densities of
each individual variances, presented Figure 6.16, seem to be of similar behavior, with
a mean about 50 and a standard deviation about 48 (numerical values displayed in
Figure 6.17). History plots of these individual variances, presented Figure 6.18, seem
to have good mixing propoerties. The equilibrium is assumed to be reached. Each
acceptation rates, presented Figure 6.19, are close to the optimal rate of 43%. And
finally, each autocorrelation function, displayed in Figure 6.19, shows an exponential

decrease and all values fall under the 95% interval of signification after a lag of 10.

In conclusion, the modelisation of Bouquet 1 seems consistent. All individual
variances take values close to 50 compared to -1400 for the event. That is to say, vari-
ances are rather small compared to the event’s posterior mean. Hence, according to

ChronoModel, all datations seem to be contemporary. Then we can draw conclusions
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Figure 6.10: Marginal posterior densities related to the modellisation of Bouquet 1 . The dark
lines correspond to distribution of calibrated dates, the green lines correspond to posterior density
functions. Highest posterior density (HPD) intervals are represented by the green shadow area under
the green lines. Credibility intervals are represented by thick lines drawn above the green lines.

Figure 6.11: History plots related to the modellisation of Bouquet 1



Figure 6.12: Numerical values related to the modellisation of Bouquet 1
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Figure 6.13: Acceptation rates related to the modellisation of Bouquet 1
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Figure 6.14: Autocorrelation functions related to the modellisation of Bouquet 1
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Figure 6.15: Autocorrelation functions related to the modellisation of Bouquet 1

Figure 6.16: Marginal posterior densities of indivudal variances related to the modellisation of Bou-
quet 1



Figure 6.17: Numerical values of indivudal variances related to the modellisation of Bouquet 1
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Figure 6.18: History plots of indivudal variances related to the modellisation of Bouquet 1
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Figure 6.19: Acceptation rates of indivudal variances related to the modellisation of Bouquet 1
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Figure 6.20: Autocorrelation functions of indivudal variances related to the modellisation of Bouquet
1

about the calendar date of the event. The event Bouquet 1 may be dated at -1370
(mean value) with a 95% interval of [-1417; -1314] (HPD interval).



6.2.2 Bouquet 2

Now, let’s say we want to estimate the calendar date of bouquet 2. 8 samples were
extracted from Bouquet 2 and radiocarbon dated. The modelisation of this bouquet

by ChronoModel is represented by Figure 6.21.

SacAl5969

SacAlB761
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SacAl5972

SacAl8764

Figure 6.21: Modelisation of Bouquet 2 with ChronoModel

Each radiocarbon measurement are calibrated using IntCal09 curve. No reservoir off-
set is taken into account. The study period is chosen to start at -2000 and end at
2000 using a step of 1 year. This study period is chosen so that every distribution of
the calibrated date is included in this study period.

The method used to draw values from the conditional posterior distribution of the
event Bouquet 1 is the default one, the rejection sampling using a double exponential
proposal. The method used to draw values from the conditional posterior distribu-
tion of the datations is also the default one: Metropolis-Hastings algorithm using the
posterior distribution of calibrated dates.

We use 1 000 iterations in the Burn-in period, 1 000 iterations in each of the 100
maximum batches in the Adapt period and 100 000 iterations in the Acquire period
using thinning intervals of 1.

The marginal posterior densities, presented in Figure 6.22, are of two sorts. Althought,
the first 6 datations seem to be contemporary, the two last ones seem to be some kind
of outliers. Indeed their density function take values starting about 1600 whereas the
other densities take values between -1500 and -1200. All history plots havegood mix-
ing properties, acceptation rates are close to 43% and autocorrelation functions are
correct (results not shown). Looking at individual variances, the marginal posterior

densities, displayed Figure 6.24, show three distinct variances. The first 5 samples are



associated with a variance density function that takes small values, with mean values
about 50. The next sample’s individual variance has a mean posterior density at 100.
And the 2 last samples are associated with individual variances with a mean higher
than 2 000 (See Figure 6.25 for numerical values). Hence these two last datations
give a piece of information that has a reduced importance in the construction of the
posterior density function of the event Bouquet 2. All individual variances have a
history plot with good properties, an acceptation rate about 43% or higher and a
correct autocorrelation function (results not shown).

As a conclusion, the first 6 samples seem to be contemporary but the two last ones
seem to be some kind of outliers. Then the event Bouquet 2 may be dated at -1344
(mean value) with a 95% HPD interval [-1405;-1278].

The example shows that the modelisation is robust to outliers. Indeed even if two
outliers were included in the analysis, the datation of the event was not affected.
ChronoModel do not need any particular manipulation of outliers before analysing
the datations. Indeed there is no need to withdraw any datation or to use a special

treatment to them (as done in Oxcal).

Figure 6.22: Marginal posterior densities related to the modellisation of Bouquet 2



Figure 6.23: Numerical values related to the modellisation of Bouquet 2
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Figure 6.24: Marginal posterior densities of indivudal variances related to the

quet 2

modellisation of Bou-



Figure 6.25: Numerical values of indivudal variances related to the modellisation of Bouquet 2



6.2.3 Modellisation of bouquets 1 and 2 simultaneously

Now let’s say we want to date Bouquet 1 and Bouquet 2 simultaneously. See bou-
quetsl2.chr.

The study period was chosen to start at -2000 and end at 2000 using a step of 1
year. All other parameters are those used for the modellisation of Bouquet 1 and of

Bouquet 2.

Three different modellisations are compared here. In the first modellisation, no fur-
ther constraints are included (See Figure 6.26). In the two next modellisations, two
bounds are introduced to constrain the beginnig and the end of the burial of Sen-
nefer (See Figure 6.27). Indeed, the burial of Sennefer is assumed to have happened
between the accession date of Tutankamun and the accession date of Horemheb (See
[9]). These accesssion dates are concidered as bounds in ChronoModel. There are two
different ways to introduce a bound. A bound may be a fixed date (Accession date
of Tutankamun -1356 and Accession date of Horemheb -1312) or a bound may have
a uniform distribution (Accession date of Tutankamun : uniform on [-1360; -1352],
Accession date of Horemheb : uniform on [-1316;-1308]).

Figure 77 displays the marginal posterior densities of both bouquets when the model-
lisation does not include bounds. Figure 7?7 displays the marginal posterior densities
of both bouquets when the modellisation does include bounds, using fixed bounds and
using uniform bounds. From these results, we can see that the introduction of bounds
helps restrain the posterior densities and the HPD interval of both events. However,
using fixed bounds or bounds having a uniform distribution with a small period (8

years) lead to similar results. Numérical values are presented in Table 6.1.

Modellisation of Bouquets 1 and 2
Without bounds With fixed bounds With uniform bounds

Event Bouquet 1

Mean -1371 -1338 -1338
HPD Interval [-1418; -1315] [-1357; -1316] [-1358; -1316]
Event Bouquet 2

Mean -1344 -1336 -1336
HPD Interval |-1406; -1278] [-1356; -1313] [-1357; -1313]

Table 6.1: Numerical values related to the modellisations of Bouquets 1 and 2
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Figure 6.26: Modelisation of Bouquets 1 and 2 without bounds
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Figure 6.28: Marginal posterior densities related to the modellisation of Bouquets 1 and 2 without
bounds
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Figure 6.29: Marginal posterior densities related to the modellisation of Bouquets 1 and 2 with
bounds (fixed bounds on the left handside figure, with uniform bounds on the right handside figure)



6.2.4 Modellisation of bouquets 1 and 2 and estimation of the

phase duration

Let’s say that now, we want to estimate the duration of the phase including both
bouquets. The modellisation by ChronoModel is displayed in Figure 6.30. The study
period is chosen to start at -2000 and end at 2000 using a step of 1 year. All other

parameters are those used for the modellisation of Bouquet 1 and of Bouquet 2.

Figure 6.31 displays the marginal posterior densities of the both events and of the
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Figure 6.30: Modelisation of Bouquets 1 and 2 including a phase and without bounds

beginning and the end of the phase including both events. Statistical results regard-
ing Bouquet 1 and Bouquet 2 are those presented in the last section when no bounds
were introduced. However, this modellisation allows to estimate the mean duration
of the phase as well as its credibility interval (|0, 101]).

Now, let’s include prior information about the accession dates of Tutankamun and
Horemheb. We include the two fixed bounds as detailled in the last section. Here
two modellisations are possible using ChronoModel. Figure 6.32 represents the first
modellisation in which bounds constrain events. Figure 6.33 represents the second
modellisation in which bounds are included in separated phases, using one phase for
each bound, and stratigraphic constraints between phases. However, these two mod-
ellisations give similar results. The marginal posterior densities of all parameters are
presented in Figure 6.34. The duration of the bouquets’ phase is associated with a

credibility interval of |0, 33] that is smaller than the one estimated without bounds.
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Figure 6.31: Marginal posterior densities related to the modellisation of Bouquets 1 and 2 including
a phase and without bounds. The densities of the minimum and the maximum are drawn in red,
the density of Bouquet 1 is drawn in green, the density of Bouquet 2 is drawn in purple.
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Figure 6.32: First modelisation 1 of Bouquets 1 and 2 including a phase and bounds
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Figure 6.33: Second modelisation of Bouquets 1 and 2 including a phase and bounds




Figure 6.34: Marginal posterior densities related to the modellisation of Bouquets 1 and 2 including
a phase and without bounds. The densities of the minimum and the maximum are drawn in red,
the density of Bouquet 1 is drawn in green, the density of Bouquet 2 is drawn in purple.






Appendix A

Mathematical details related to
MCMC algorithms

67



A.1 MCMC on variables

’ Initialisation ‘

Adaptation
)

Acquire

Algorithm 1 MCMC main sequence

variable initalisation

if Initialisation unsucced then
Exit

for i < 1, burn iteratins do
Update all variable

repeat
for i «+ 1, batch iteration do

Update all variable

Memory variables with adaptation corrections

increment total iteration
for all Variables do

Compute acceptation rate

> The burn-in loop

> The adaptation loop

if acceptation rate < 0.44 OR acceptation rate > 0.46 then

Modify M H varialble

until all adaptation < 0.46 OR total iteration = max batch

for i + 1,iteration do
for i < 1,thinning iteration do
Update all variable
increment total iteration
for all Variables do
Compute acceptation rate

Memory variables

Show the results

> The acquire loop

> This is the end




A.2 Veérification des contraintes sur les Faits et Bounds

A.2.1 Relations stratigraphiques

Ces vérifications fonctionnent aussi bien entre les phases qu’entre les Faits. Le di-
agramme stratigraphique (contrainte d’ordre entre des Faits et/ou Bounds) ou de
succession (contrainte d’ordre entre Phases) a la structure d’'un DAG (Graphe acy-
clique orienté).

La relation d’ordre (<), doit étre réflexive, antisymétrique et transitive, d’ou pas de
symeétrie (a) ni de circularité (b)

A la construction du modéle, on peut tout de suite tester sur les faits et Bounds:

e l.es cas autorisés :

La relation de transitivité est inutile, car redondante sauf si introduction d’un

hiatus ~

e Les cas interdits:

Enfin, il n’est pas possible de mettre un hiatus v entre deux phases si un méme

Fait appartient & ces deux phases !



A.2.2 Vérifications sur les valeurs des Bounds
A.2.2.1 Contraintes stratigraphiques

Dans le cas de contraintes d’ordre sur les Bounds, il faut vérifier les conditions suiv-

antes

e Siles Bounds 67 sont des dates fixes, il est facile de vérifier si la contrainte strati
entre 07 et 6 est possible.
11 faut vérifier 07 < 67 (j # k)

e Si les Bounds sont tels que: 7 < 6P <65,

Pour chaque HJB dans une séquence (branche) strati, on doit vérifier:

Si I'inégalité n’est pas vérifiée, alors envoi d’'un message d’erreur signalant les

Bounds concernés.

Une fois tout le modéle construit, on effectue un rétrécissement des intervalles

des Gf pour tous les j de toutes les séquences, soit :

g = max(6)),)

i<j
o5 = min (07
iM k2j< kar)

Ces nouvelles limites seront celles utilisées pour les vérifications sur les hiatus

dans la section suivante.

Exemple:
Niv




A.2.2.2 Hiatus

Des informations supplémentaires peuvent étre apportées sur les contraintes d’ordre,
a savoir que l'écart de temps « minimal entre 2 phases (groupe de un ou plusieurs

Faits et/ou Bounds), appelé hiatus, est:

e en succesion simple: les conditions suivantes seront vérifiées en posant v, =

v =0
e connu fixé : v, = v =Y

e incertain, uniforme entre 2 valeurs : v, <~v < vy

Les hiatus introduits entre phases doivent vérifier 2 conditions :

1. Il faut vérifier pour toutes les branches que (On vérifie sur la branche max):
> Am < (tar — ti) la période d’étude.

Les branches identifiées sont 1-3-4; 1-3-5; 2-3-4; 2-3-5; 2-5

2. En présence de Bounds, une condition supplémentaire doit étre vérifiée. Il faut
s’assurer que I’écart v, entre 2 Bounds 07! et 652 de deux phases successives 1

et 2 soit possible.

e si les Bounds 65! et 652 sont connus a I'année prés (sans erreur), il faut
vérifier:
. (B2 B1
min(g5) — max(6;") 2 Ym

e Si les Bounds 67 € [62 65,
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Les Bounds 1, 2, 3 et 4 sont dans la phase 1, les Bounds 5, 6, 7 et 8 sont
dans la phase 2.
il faut vérifier :

min(953) — max(95) > 7,
J J

Si test Ok, on effectue un nouveau rétrécissement des intervalles des 9;3 des

deux phases, soit :

9 = i (max(952), 05)

B2new __ : B2 B2
ejm = sup(mjln(ejM), 9jm)
Ces nouvelles limites seront celles utilisées pour les vérifications sur les
durées dans la section suivante.

A.2.2.3 Durées

Dans le cas de phases avec durée 7 € [1,,, Tas]. Les Bounds doivent vérifier les condi-

tions suivantes:

e Si les Bounds 62 d’une phase sont fixés.

Il faut vérifier que :



e Si les Bounds 67 sont tels que 02 < 08 < 65,

Il faut vérifier :

B s
J’Iil%),i«(ejm) - jgll{l.}r(Qj ) < Tum

Si test Ok, on effectue un nouveau rétrécissement des intervalles [077 67, en

Jjm>
[an’few, Hﬁ(jew] avec :
Hﬁsew = sup(mjax(@fm) — TM, eij)

QJ'BJ\th”LU = 111f(mj1n(9fM) + TM , Q;BM)



A.3 Variables initialisation

A.3.1 Main algorithm

A.3.2 Durée de phase
S’il y a une information sur la durée d’une phase,
e soit la durée est connue et fixée dans ce cas 7 = Ty,

e soit la durée est connue dans un intervalle donnée 7 € [Thnin, Taraz). Nous au-

torisons le maximum de possibilité en posant 7 = Tyr4z

Listing A.1: ChronoModel procedure to set the span
1| void Phase::initTau ()

{
3 if (mTauType =— eTauUnknown)
{
}
else if (mTauType =— eTauFixed && mTauFixed != 0)
mTau = mTauFixed;
else if (mTauType — eTauRange && mTauMax > mTauMin)
mTau = mTauMax;
1]}

A.3.3 Hiatus
S’il y a une information sur I’écart entre deux phases,
e soit I’écart est connue et fixée dans ce cas v = Vs

e soit Pécart est connue dans un intervalle donnée v € [Yiin, Yaraz)- Nous au-

torisons le maximum de possibilité en posant v = V,in

A.3.4 Bounds




Il faut classer les Faits 1 & 9 dans 'ordre croissant des séquences strati en intercalant

si nécessaire.Ici on peut identifier 5 séquences :

A1,3,4,7

B 23,47

C 567

D 5,6, 9

E 5,8

On peut donc avoir le classement: 1, 2, 3, 5, 6, 4, 7, 9, 8 qui respecte 'ordre des

séquences partielles.

1. Pour chaque Bound définir un niveau n, correspondant a un ordre d’initialisation.
Nous pouvons prendre par exemple le niveau n = 1 pour le premier Bound &

initialiser et augmenter le niveau au fur et a mesure de 'ordre dans la séquence.

2. Pour les Bounds de niveau 1,(n " 1, 2, 5 dans notre figure)

Pour les autres Bounds n > 2(aprés réduction d’intervalle) :

05 = Uni flmax(05 |,05 )65,

n n—1"Ynm



Algorithm 2 Initializing 6 of Bounds- Part 1

10:

15:

20:

> 1- We reduce the Bound ascending levels
for P+ 1, ProfMax do
for all Bound with Prof = P do
reduce the Bound
> 2- We reduce the Bound owned by phases
for all Phase with Bound as element do
if 7¥ is known then
Bi « find the Mazximun of mininimal values of bounds in this phase
Bx < find the Minimun of maxinimal values of bounds in this phase
if Bi — Bx > Ty, then
init impossible with phase
if BLi < Bi — Tp4, then > Reduice the Bound with span bigger than
TMaz
BLi = Bi — Tyas
if BLx < Bz + Tpq. then
BLx = Bx 4 Taag
BPi+ BlLi

BP BL
v v > 3- We define the Bound ascending levels

for P+ 1, ProfMax do
for all Bound with Prof = P do
0 < find the maz of 6 of Bound in the superior Constraints > If
Bound belongs to a phase in constraint with other phases, we look also into the
next phases
for all Phase with this Bound as element do

> Bound can belong to several Phase




Algorithm 3 Initializing 6 of Bounds - Part 2

> 3.1-Here we have to find the constraint due to the 77 of Phase

if 7F is known then
25: a < the minimal Oin this phase
B < the maximal Oin this phase

> Save the extremum values
if 9Phase ~ o 4+ P then

max
oPhase o 4 7P
30: if §lhase < 3 7P then

o 5 — o
> 3-2 tirage du 6 limite entre le inf(# en dessous) et la Borne Bmax réduite > 3.2
comparaison and sampling 6 value

if §lhase < 9. . then

mwn

einf — QPhase

man

if 9lhase > ¢ . then

max

35: Osup < OFNasC

max

0 = Unif[Oins; Osup)

A.3.5 Faits

1. Si aucun fait initialisé, alors on pose :
einf =t et 6)sup =tm

sinon on calcule:

Oins = sup[max(Oprec), max (0;) — 77, max — (077) 4771 1,
strati phases phases précedantes
et
Osup = inf[min (fsuiy), min (el};ﬁj) +77, min 07 =~ ]
strati phases phases suivantes

Formules qui ne s’appliquent que sur les faits ou Bounds déja initialisés, sinon

Oing =t et/oU bgyp =t

2. Tirer QJP tel que :
9;3 = Unif[emfa esuz)]

L’initialisation des faits peut se faire dans n’importe quel ordre.



Algorithm 4 Initializing 6 of event

1: for all Og,.,; do

> 1 - Here we have to find the constraint due to the chronologie on Event,

including Phase constraint

2: Osup < FINDCONTRAINTESUP(Event)

> If Event belongs to a

phase in constraint with other phases FINDCONTRAINTESUP(l)ook also into the

next phases

3: Oins < FINDCONTRAINTEINF(Event)

4:  QPhase o ¢, > ty: the maximun date of study

5. QPhase o ¢ > t,,: the minimun date of study

6: for all Phase with Og,e,; as element do> Og,.,; can belong to several Phases
> 2 - Here we have to find the constraint due to the 7 of Phase

7 if 77 is known then

8: > Temporary storage of the extreme values,we don’t care about

unintialized 6

9: a = MINIMALTHETAINPHASE(Phase)

10: f = MAXIMALTHETAINPHASE(Phase)

11: if gFhase > o 4 7P then

12: gPhase o 4 7P

13: if gPhase < 3 — 7P then

14 Brhase o g — 7"

15: if 9fhase < 9. . then > 3 - Comparing 6;,,; found

16: Oiny < OLhase

17: if OFhase > ¢, then

18: Ogup < OFase

19: 0 = Unif[Oins; Osup)

> 4 - Sampling 0 value




A.3.6 Date

Initialisation de la date t; par tirage MH dans la densité calibrée



A.4 Algorithme MCMC

A.4.1 Algorithme principal de mise a jour

A.4.2 Durée de phase

Ona0<7l <7l <(ty —tn)
Mais le support [ 71] est restreint en fonction des 67

On doit avoir 77 > max(6”) — min(9”) , d’ou:
Ting = sup[rh, max(0”) — Min(67)] <78 <14

m?

T~ Unif[Ting, TAIZ]

Algorithm 5 Sampling 7

if 7 unknown then > Nothing sampling
else
Ting < max(6”) — min(7);
if 7, < 7 then
Ting < Th
7w Unif(Ting, Taf] > Here the sampling

new

A.4.3 Hiatus

Le tirage ne dépend que de v2 v2 et de I’état des faits 6 des deux phases encadrantes
P et P+1, d’ot:

v <Ak, < inflyyy, min(67) — max(6”)]



Algorithm 6 Sampling v

if v unknown then > Nothing sampling
else if v fixed then

vy > not change the value
else if 7 in a range [y,,; 7] then

Ysup — minfyyr; min(A7) — max(6”)]; > min(0°) — max(67)] always lessan
Tm

Ynew < Unif [V, Vsup) > Here the sampling

A.4.4 Bound
The update of Bound Q;BP must check the following constraints :

P P P-1 P-1 pBP BP
sup[max(@me,;), max <9k7éj) - T, max (9 ) +7 79m 7tm] < 49].
strati phases phases précedentes

et

O;BP < inf[min (Agyui,), min (95#) + 77, min (07T — 4P, 087 1]
strati phases phases suivantes

A.4.5 Fait

— —1
| P 1 ,)‘/p‘ TP »-yp 7_p—‘,—l
I 1T

p—1 P p+1
Y b b et

tm P! 51071 aP ﬁp as 5p+1 ty

Les Faits doivent respecter les contraintes de support suivantes::
1. 8, € [tm, tu] plage d’étude.

2. les 0; respectent les contraintes strati (ordre total ou partiel) max(6,.e.) < 6; <
min(@suip)
3. les 6, respectent les contraintes de durée 7: max(6”) — min(”) < 77

4. les 6, respectent les contraintes de hiatus v: max(67!) — min(6F) > 7

La mise & jour d’un Fait Hf doit vérifier les contraintes suivantes:

Py _ P P-1 pP-1 < gF
Sup [g%%ig(eprec) ’ ;fl?aaszs(gkij) T phasesrllyll%g({edentes(e ) T ’ tm] o Qj



et

0F < inf[min(0,y,), min (6’,1;») + 7P, min (07 — 4P ty]
J strati phases J phases suivantes

A.4.6 Date
A.4.7 Décalage Wiggle Matching
A.4.8 Variance individuelle

A.4.9 Requéte sur les phases

Une fois tous les §; mis & jour. On détermine le début, la fin et la durée. Dans
ChronoModel, toutes les requétes sont exécutées dans la méme procédure. updateTau
n’est pas un requéte mais un nouveau tirage de 7 (voir A.4.2).

A.4.9.1 Début

Le début d’une phase correspond au 6 le plus petit des Faits inclus dans une phase.

C’est a dire le premiére Fait observé chronologiquement dans une phase.

A.4.9.2 Fin

La fin d’une phase correspond au 6 le plus grand des Faits inclus dans une phase.

C’est a dire le dernier Fait observé chronologiquement dans une phase.

BP = max(eﬁjzl...r)

A.4.9.3 Durée

La durée correspond au temps maximal séparant les faits d’une méme phase.

P _ gP _aP

Algorithm 7 Request on 7

if 77 unknown then
7P « max(#”) — min(6F) > The request
else

P P > The result of the sampling

new




A.4.9.4 Hiatus

La durée correspond au temps minimal séparant les faits de deux phases successives.Le

hiatus 4 = a1 — ¥

Algorithm 8 Request on

if v unknown then
4 < max(#”) — min(9F1) > The request
else

Y 4 Ynew > The result of the sampling
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